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Abstract. We construct a low-energy effective field theory which allows for a full treatment of the isospin-
breaking effects in semileptonic weak interactions. To this end, we enlarge the particle spectrum of chiral
perturbation theory with virtual photons by including also the light leptons as dynamical degrees of
freedom. Using super-heat-kernel techniques, we determine the additional one-loop divergences generated
by the presence of virtual leptons and give the full list of associated local counterterms. We illustrate the
use of our effective theory by applying it to the decays m — fvy and K — lu,.

1 Introduction

In the last few years, the predictions of chiral perturbation
theory [1-3] have been carried forward to a remarkable de-
gree of accuracy. In particular, the result for the pion—pion
scattering amplitude is now available at the two-loop level
[4] in the standard case. Let us illustrate this theoretical
progress by the following numbers: Weinberg’s calculation
[5] of the scattering amplitude at leading order in the low-
energy expansion gives the value a3 = 0.16 for the isospin
zero S wave scattering length. The one-loop calculation [6]
shifts the leading order term to aj = 0.20. Finally, the re-
cent analysis to order p® [4] predicts the scattering length
to lie within the range 0.206 < aJ < 0.217 (see also [7]). An
analogous calculation at next-to-next-to-leading order has
also been performed in the framework of generalized chi-
ral perturbation theory [8], which allows also for smaller
values of the quark condensate than the standard scheme.
In the generalized framework, an accurate determination
of ay within the whole range of the present experimental
value, af = 0.26 4 0.05 [9], can be interpreted in terms of
the size of (0|gq|0), whereas standard chiral perturbation
theory, resting on the assumption that (0|gq|0) is large,
gives a rather precise prediction for this scattering length.
New high statistics data which are expected for the near
future may allow one to determine the nature of chiral
symmetry breaking and to decide about the validity of
the standard chiral expansion scheme. In this context, the
measurement of the lifetime of 777~ atoms at CERN [10],
or new high statistics Ky experiments by the E865 and
KLOE collaborations at BNL [11] and DA®NE [12], re-
spectively, are of particular interest.
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The theoretical results mentioned above were obtained
by neglecting all isospin-breaking effects, i.e. in the limit
m, = mgq, e = 0. However, once even two-loop effects are
taken into account, such an approach is not sufficient any
more. It has been shown explicitly [13] that the electro-
magnetic corrections to the S wave scattering lengths are
of comparable size to the O(p®) strong interaction contri-
butions. (See also [14] for a discussion of electromagnetic
effects in neutral pion scattering.) Such an analysis re-
quires, of course, an extension of the usual low-energy ef-
fective theory. While isospin-breaking effects generated by
a non-vanishing quark mass difference mqy — m,, are fully
contained in the pure QCD sector of the effective chiral
Lagrangian, the treatment of isospin violation of electro-
magnetic origin requires the inclusion of virtual photons
and the appropriate local terms up to O(e?p?). The suit-
able theoretical framework has been worked out in [15-17]
for the three flavour case and in [14,13] for chiral SU(2).
With these theoretical tools, it is possible to obtain the
chiral structure of the electromagnetic contributions to
O(e?p?) for all purely mesonic matrix elements.

The analysis of electromagnetic corrections in semilep-
tonic reactions requires still a further extension of chi-
ral perturbation theory: In this case, also the light lep-
tons have to be included as explicit dynamical degrees
of freedom. (An older discussion of radiative corrections
in semileptonic weak interactions, with a current algebra
treatment of the hadronic matrix elements involved, can
be found in [18].) Only within such a framework, one will
have full control over all possible isospin-breaking effects
in the analysis of high statistics K4 data which will consti-
tute an important source of information on the 7—m scat-
tering parameters and low-energy phase shifts. The same
refined methods are, of course, also necessary for the in-
terpretation of forthcoming high precision experiments on
other semileptonic decays like Ky3, etc.
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It is the purpose of this paper to lay the necessary
theoretical foundations for the full treatment of electro-
magnetic effects in the semileptonic processes of the pseu-
doscalar octet within the framework of an effective low-
energy theory. In Sect. 2 we construct our lowest-order
effective Lagrangian and we define our (extended) chi-
ral counting rules. The additional one-loop divergences
generated by the presence of virtual leptons are obtained
in Sect. 3 by using recently developed super-heat-kernel
methods [19,20]. The full list of local counterterms arising
at next-to-leading order is presented in Sect. 4. In Sect. 5
we apply our effective theory to the decays m — fvp, and
K — fly;. Our conclusions, together with an outlook to
possible applications and extensions of the present work,
are summarized in Sect. 6. Several expressions which
would only interrupt the argument in the text are col-
lected in the Appendix.

2 The effective Lagrangian to lowest order

For a complete treatment of the electromagnetic effects
in the semileptonic decays of pions and kaons, not only
the pseudoscalars but also the photon and the light lep-
tons have to be included as dynamical degrees of free-
dom in an appropriate effective Lagrangian. Its construc-
tion starts with QCD in the limit m, = mqg = ms, =
0. The resulting symmetry under the chiral group G =
SU(3)1, x SU(3)r is spontaneously broken to SU(3)y . The
pseudoscalar mesons (7, K, 1) are interpreted as the cor-
responding Goldstone fields ¢; (i = 1,...,8) acting as
coordinates of the coset space SU(3)r, x SU(3)r/SU(3)v
The coset variables ur, g(¢) transform as

@)1,

G _
ur(p) = grurh(g, @)™,

9=(91,9r) € SU(3)L x SU(3)R,

ur(9) S grush(g,

(2.1)

where h(g, ) is the nonlinear realization of G [21].
The photon field A, and the leptons ¢,vy (¢ = e, )
are introduced in

_ ult(au _

by adding appropriate terms to the usual external vector
and axial-vector sources v, a,. At the quark level, this
procedure corresponds to the usual minimal coupling pre-
scription in the case of electromagnetism, and to Cabibbo
universality in the case of the charged weak currents:

Uy = i[u}%(@u —iry)ur il,,)ur] (2.2)

Q A + Z EFY;LVELQL + V@LV;AgQL )7

ly =v, —

Ty =V, +a, — (2.3)

EQR e

The 3 x 3 matrices Qf'y, ¢f are spurion fields with the
transformation properties

emw emw

5 gLQy S gRQEn gk (2.4)
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under the chiral group. We also define

Qemw — J]E im WUL, Qem = uRQR UR (25)
transforming as
OF™™ % hg, ) QT hg, ) ™,
1m G m —
OR™ = h(g,»)QR"h(g,9) " (2.6)
In the end, one identifies Qg with the quark charge ma-
trix
2/3 0 0
Q™ = -1/3 0 , (2.7)
0 0 -1/3
whereas the weak spurion is taken at
0 Vud Vus
QY =-2v2Gr |0 0 0 |, (2.8)
00 O

where Gy is the Fermi coupling constant and V4, Vs are
Kobayashi-Maskawa matrix elements.

With these building blocks, our lowest-order effective
Lagrangian takes the form

2

F
Lo = v R 2O (29)

1 = —
— 1 Fw "+ D10 P+ e A — m)l + Tizi Pue),
14

where ( ) denotes the trace in three-dimensional flavor
space. Fj is the pion decay constant in the chiral limit and
in the absence of electroweak interactions. Explicit chiral
symmetry breaking is included in x4 = uLXUL + uIthuR
by the substitution x — 2By Mquark, where By is related
to the quark condensate in the chiral limit by (0|gg|0) =
—F2Byp. The numerical value of the coupling constant Z
can be determined from the mass difference of the charged
and the neutral pion. The relation M2, — M2, = 2¢*ZF§
resulting from (2.9) implies Z ~ 0.8.

We adopt an expansion scheme where the electric
charge e, the lepton masses m.,m, and fermion bilinears
are considered as quantities of order p in the chiral count-
ing, where p is a typical meson momentum. Note, however,
that terms of O(e?) will be neglected throughout.

3 One-loop divergences

For the construction of the one-loop functional we first
add a gauge-breaking term (we are using the Feynman
gauge) and external sources to (2.9):

chf — ch‘f - %(aﬂAN)2 — J#A'u

+Z(ﬁe€+gpe + Gover, + Viroe).  (3.1)

L
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Then we expand the lowest-order action associated with
(3.1) around the solutions pc1, AL, Le1, ver,q of the classi-
cal equations of motion. In the standard “gauge” ur (@)
= ur(pa)’ = u(pa) a convenient choice of the pseu-
doscalar fluctuation variables & (i = 1,...,8) is given

by

i€iNi/2F0 T —i&iN /2F0

UR = Ucl€ UL = U €

&i(pea) =0,

with the Gell-Mann matrices A; (i = 1,...,
photon and the fermions we write

(3.2)
8). For the

At = AH + ¢ C="La+ne, v =vina+ G (3.3)

In the following formulas, we shall drop the subscript “cl”
for simplicity. The classical equations of motion take the

form
i 1
Vit = B} <X - 3<X>)
+21e2F022[Q9Rm, e,

Fy?
= Ju+ - (u o)

erZ'y#Z,
¢
. F‘O2 WA\
(i@+ed—mgl=—p;+ T(UMQLM’ v,
2

DA, up(QR" —

i = —o0 + T (0, QY (34)
where
Vu = au + [Fm ]v
T = 3o @ — iryu + (@, — it )],
- = ulyut — uxtu. (3.5)

The solutions of (3.4) are uniquely determined functionals
of the external sources vy, a,, X, Jyu, pe, 0¢. (Note that the
usual Feynman boundary conditions are always implicitly
understood.)

Expanding (3.1) up to terms quadratic in the variables
&i» €4, Mes Cer, we obtain the second-order fluctuation La-
grangian

1
L = —56Gi(d-d+s)i&;

+ geuDet + I (o - g e,
0, QR + QA
0 (QR" — QN (A6 )
+ Z{W 19+ eA —mo)ne + Geri P
+ %m,(w e+ T ven)QF + e ]A)E,
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Fy
+ 7<[(€'YuCZL +Tevver) QF + hoc\i)dliE;

Fy? _
n %%«Qaﬂ“ — Q™) [(Cy"Cor, + Ty ver ) QF
+h.c)) +e(m ¢+ 0 ¢m)
2
— 5 (G QF + e )}, (3.6)
where
dly = 830 — (A, (37)
and
1
sij = (glu-u+xe){As; Aj} = “u/\ ut A,
212
+ L o g A
— 62F0 Z(\; Q(ﬁmA]’ o + Aj OR" A\, Qim)>(38)

For the following intermediate steps it is convenient to
switch to Euclidean space. The second-order fluctuation
Lagrangian can then be written in the form

£® = %@T(fp D+ Y)P+U(P+m)¥
+10,(8D, + )P
—
+i®T(— D, B+ a,), 7. (3.9)

In (3.9) all bosonic fluctuation variables are collected in a
multicomponent field
<[]
Ep

where D, denotes an associated covariant derivative:

(3.10)

D,=0,+X,. (3.11)
Analogously, the fermionic fluctuation fields are combined
in

W= CZ?L] , (3.12)
with a covariant derivative

D, =0, +if,. (3.13)

The explicit expressions for the matrix fields X,, Y, f,,
m, 3, a, are given in the Appendix.
In the notation of [19], the second-order fluctuation
action associated with (3.9) has the general structure
1 — — —
5@ = §¢5TA¢ +UBY + ¢TTW +UT'd. (3.14)
The one-loop functional Wp_; is given by the Gaussian
functional integral

e Wi=1 = / [dpdwdT] e, (3.15)
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leading to
A B
Wip—1 = ’IH — — Trln — 3.16
[=1= "L By (3.16)

n
_ Z . (A—lfg—lr - A—erB—lTTT) :
ot 2n
where A, By denote the free-field limit of A and B, re-
spectively.

The term (1/2)TrIn(A/Ap) corresponds to purely
bosonic loops (only pseudoscalar and/or photon propa-
gators in the loop); its divergent part has been calculated
by Gasser and Leutwyler [3] for the strong sector and by
Urech [15] for the electromagnetic sector. In our theory,
the divergences generated by the bosonic loops have ex-
actly the same form, however with the generalized source
term [, defined in (2.3). As a consequence, also contribu-
tions with external lepton fields are induced in this way.

Purely fermionic loops are described by —TrIn(5/8p).
The divergent part of this term affects only the wave func-
tion renormalization of the photon, as contributions of or-
der G% will be neglected.

The last term in (3.16) is a genuinely new part oc-
curring in our effective theory with virtual leptons. It de-
scribes all one-loop graphs where boson and fermion prop-
agators alternate. In order to determine the ultraviolet di-
vergences associated with this mixed one-loop functional,
we employ the super-heat-kernel technique developed in
[19]. To this end we introduce the supermatrix

A ol
Voul' uB

where p is an arbitrary mass parameter. The one-loop
functional can now be written as

K 1 B
trln — — =Trln —
SrnKO 2rnBOJr

The dots refer to terms at least quartic in the fermion
fields, which are irrelevant for our present purposes. In the
proper-time formulation, the first term in (3.18) assumes
the form

1 K dr o

d
:—7/ 7—/dd:vstr zle ™K

The further evaluation of this expression is considerably
simplified [20] by the observation that the action associ-
ated with (3.9) is invariant under local gauge transforma-
tions

&(z) — R(x)P(x),

U(x) = U(z)¥(x),

— RO,R~ '+ RX,R™!,
Y — RYRY,

- U, U +Uif U,
o, —Ua,R™!,

B —UBR™,

m  — UmUL

, (3.17)

Wiy = (3.18)

— e 7Ho) (3.19)

- 7TKO‘:U>.

(3.20)
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Consequently, also the divergent part of the one-loop func-
tional exhibits this symmetry property [22]. The matrix
fields Y, a,, B, m together with their covariant deriva-
tives

V.Y :=0.Y + [X“, Y],
Voo, = 0o +ifpa, — o, X,

v,uﬁ = uﬂ + lfuﬂ - ﬂX;u

Vm = 0,ym +1i[f,, m], (3.21)
and the associated “field-strength” tensors
X =0,X, —0.X, +[X,,X.],
Juw =0ty = O fu +ilfu, 1] (3.22)

are therefore the appropriate building blocks for the con-
struction of WY . As a consequence, the following inter-
mediate steps in the further computation of (3.19) may be
performed with constant fields [23] X, Y = X2, «,, 3,
fu, m. As the final result for the one-loop divergences has
to be gauge invariant, no information is lost and the full
expression for the x dependent fields is recovered by the
substitutions

X% 5y,
(X, X?] = V.Y,
ifuo, — X, — Vo,
lfuﬁ - BXM — vuﬁv
i[fu,m] = Vum,
(X, X)) = X,
[ fus fol = fun-

In this approach, the relevant diagonal matrix element in
(3.19) assumes the simple form

(3.23)

str (e |z) = str / Alk(zle= 5 |k) (k|)

= str/ d e
B (2m)?

—lk-a:e—TKelk-x

d?k
= str/WeM+N, (324)
with
| K -2ik-X 0
M = ’7'|: 0 M(ik+i,f+m):|’ (3.25)

7717—" |:'y“,8 ik, +X )

We are interested only in the part bilinear in the
fermionic matrix N. The corresponding piece of the gen-
erating functional (3.16) is just

—(iky + Xp)Byp +@ -y
+v 0

Wizl pi=-Te(A™'TB'T). (3.26)

The appropriate decomposition of the exponential in (3.24)
can be performed by using the formula

1
exp(M + N) = expM Psexp/ dsN(s), (3.27)
0
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with
N(s) := e *MNeoM
and
Psexp/ dsN Z/ dsy / dss ..
/ sy N(s1)N(s2) ... N(sn). (3.28)
0
Picking out the part bilinear in IV,
str eMTN — (3.29)

1 s
/ ds/ ds’str [e(l_s)MNe(s_s/)MNes/M +...,
0 0

a few simple manipulations lead to

oo 1 1
—2ut? Z o / dz tr {(2irzk - X)"
n=0 " “0

X [*(iku + X/L)B + a/t] Yu
x exp [—1zk* — (1 — 2)(ik +if + m)]
X v [B(iky + X)) + o]} +.... (3.30)

str eMHN =

After integration over z, the p-dependent terms cancel
once the proper-time and the momentum-space integrals
are applied. The remaining contribution to Wr_; assumes
the form

d = < dt d
n=0"0

d9]
. / (2n)?
x [=(ilu/t + Xu)B + @] Yu

x exp (—if —itf — tm)
X B/t + X)) + ] },

(%)~ M { (2 - X)"

(3.31)

where a suitable change of the integration variables has
been performed. The divergent part (for d — 4) can now
easily be isolated. Note that terms of the form 3. ../ are
at least quadratic in G (see (A.13) and (A.14)) and will
thus be discarded. For the further decomposition of exp(—i
J—itf —tm) we employ again (3.27) up to second order in
if4+m. Then we perform the momentum-space integration
using

. d4 cosl sinl sinl 1
Ulzlfi/ (%)d( 12 ’13’l> - (477)2(_2’2’ —4)

l:= (3.32)

In the next step, one has to identify the appropriate gauge-
invariant combinations (constituting a non-trivial check of
our calculation) and reconstruct the full result by using
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(3.23). In this way, we obtain

1
wdv |- 7/d4xtr a - V.7«
L= 47T)2(d — 4) [ YV VY

—2a-ymy-a+2a-y8Y —2Bvy-aY
- YV VB + 1w VuVoy - o
—a-y(¥m)B+a-ympBy, V.0
—2B(¥m)y - o= Bmy, V-«
+2a - ym? 3 — 2Bm>y - a] .

(3.33)

Now we insert the explicit expressions for X, Y, f,, a,,
B, m. Discarding again all terms which are O(GE) with
n > 2, we get,

62

Wisilr..r = (4m)’(d—4)
/d4x Z {2€ —ie Al + 8myll
3 2
5 ((Fyave QY — Tl Q) )V (QR™ — Q™)
HF (Cyver, QF — Pzl Q) )y, QF1)
+3Fy?me (B QF + 7ert QY QR | (3.34)

Transforming back to Minkowski space, our result for
the divergent part of the mixed one-loop functional takes
the final form

div 62 4
WL].FF (ﬂ_)Q(d_4)/dx
x Y {=20G P+ e M)l + 8myll

¢

3iF02 7, w " em em
= (B Q1 - Tl QY QR - QFM)
+Fo* (Cruver QF — vz, lQr ) u”, QF))
+3F0 me((frer, QF + Trp QY )Q§m>} . (3.35)

4 The next-to-leading order Lagrangian

We are now in the position to construct the most general
local action at next-to-leading order which will also renor-
malize the one-loop divergences discussed in the previous
section.

In the absence of virtual photons and leptons, the local
action of O(p*) is generated by the well-known Gasser—
Leutwyler Lagrangian Ly [3]:

Ly = L1<uuu“>2 + Lo (u,u”) (u'u,)
+ La(uyutu,u”) + La(u,u’) (X 4)
+ Ls(uuux+) + Le(x+)* + Lr(x—)?

1 1
+ Z(2Lg + Li2)(x%) + Z(QLS — L12)(x%)
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—iLg(f1 uuu,) + i(Lm +2L01) (e F1)

- i(Llo = 2Ly ){f-p F2°), (4.1)
with

A = uFut £ ut RV,
FI = 9 — ' 10 — {17, 1Y),

FEY = 0Fr? — 0" rt —i[r* r"]. (4.2)

If also the photon is treated as a dynamical degree of free-
dom, the following local counterterms of O(e%p?) have to
be added [15]:

Lo = R { SRR + (O ()
+ I (O OF) ()
~ KSl(Q ) (@) +
+ K4 (O uy) (QR"ut)
KGR + (@)
+ K6<(QimQ°m + QRO uut)
KO + (2 x)
+ Ks(Qr" OR™) (X+)
FRll@) s @)

(QR" ) (QR"u)]

—K11<(Q Q Qem Tx—)
—iK1([(V, Q8™ Qf™ — 9§V, Q™

— (Vu QR QR" + QR"Vu Qi)
+ Ki3((V,08™) (VFOR™))
+ K1 ((V,08m) (VFOem)

+ (@0 (T o) | (43)
where
V08 = V,0fm + '[qum] u(D, Q™ ul,
VO = V@ — 1, O] =l (D QR (4.4)
with
DuQS™ = 0, Q5™ — ifl, Q5.
D@5 = 0,05 — ilr, Q5. (45)

In the presence of virtual leptons, the structure of the
Lagrangians (4.1) and (4.3) remains unchanged. The only
necessary modification is the inclusion of the lepton term
in 1, (see (2.3)). In addition to £,s and L,2,2, we need the
“leptonic” Lagrangian

Liept = €° Z {Fo? [ X1 byuver (W {QF", O })
¢

+X2£’Y#V2L <U“[ 5 QL)
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+X3melver (QF OR™)
HX 4 by, ver (QF VFOP™)
+1X5Z’YMVZL<Q‘]Y§HQ§F> + h.c.}

+X6l(i P + e )l

+X7mell} . (4.6)

In Liept we consider only terms quadratic in the lepton
fields and at most linear in Gx. The coupling constants
Xi,..., X5 are real in the limit of C'P invariance and the
reality of X¢ and X7 is required by the hermiticity of the
associated action. The terms with X5 will not appear
in realistic physical processes as the generated amplitudes
contain an external (axial-) vector source (see (4.4) and
(4.5)).

In deriving a minimal set of terms in (4.6), we have
used partial integration, the equations of motion (3.4) and
the following relations derived from (2.5), (2.7) and (2.8):

em Aw 2 w w yem 1 w
QL Qin L> QLQL = T Lo =L>

= : (Qr) =o.

(4.7)
We give here some typical examples of terms which can
be eliminated in this way:

e Fo? byver (W'[QF", QL) = e*Fobyuver (ut QF)
— 2020 P+ e A —my)l,

2Tl Pver, — e2l7(i D+ eh —my)l. (4.8)
Finally, also a photon Lagrangian
L, =eXsF,,F*,  F,, =0,A, —0,A, (4.9)

has to be added. This term cancels the divergences of the
photon two-point function generated by the lepton loops.
(The loop contributions of the charged pseudoscalars are
renormalized by the L1g 11 terms in (4.1).)

The low—energy couplings L;, K;, X; arising here are
divergent (except Ls, L7, K7, K13, K14 and X7). They ab-
sorb the divergences of the one-loop graphs via the renor-
malization

L; =L (u) + LA(w), i=1,...,12,
XZ:X:(M)+EZ (:u')v i=1,...,8,
d—4
Aw) = {di4 — Sl + (1) + 1]} . (4.10)

in the dimensional regularization scheme. The coefficients
I; and X¥; can be found in [3] and in [15], respectively.
Their values are not modified by the presence of virtual
leptons as long as contributions of O(G%) are neglected.

The “new” coefficients =4,...57 are determined by
(3.35) and Zg is derived from the divergent part of the
lepton loops:

—_

==

|
\_O
[
[ V)

|

|

|

[ —

—5 —

ISTRO
g]
I
|
“O"
[n
3
I
|
“)—‘
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57r—>£ugandK—>£u£

We are now in the position to perform a complete one-loop
analysis of semileptonic pion and kaon decays including
the electromagnetic contributions of O(e?p?). As an illus-
tration we give here the theoretical results for the decay
rates of 1 — fvy and K — fvp. The former reaction will
also serve as the reference process for our further investi-
gations of semileptonic decays.

The contributions of graphs without virtual leptons to
the P — {fvy amplitudes (P = 7, K) have already been
given in (5.3) and (5.4) of [17]. Now we have to add also
those diagrams in which a virtual photon is attached to
a charged lepton line, the contributions generated by the
counterterms in (4.6), and the leptonic wave function and
mass renormalization. The decay amplitude obtained in
this way is, of course, UV finite but still IR divergent.
To arrive at an infrared-finite result, we consider the ob-
servable I'(P — lvy(y)) := I'(P — Lvg) + IT'(P — lygry).
The relevant expression for the total probability of in-
ner bremsstrahlung can be found in (4) of [24]. (We have
checked this formula.)

Combining the various contributions we obtain our fi-
nal result for the my() decay:

 GEVuaPFy*mZ M+
- 47

8 X .
{14 o (L2 + 2003) + L5002
0

I'(m = (7)) (1 — 2r0)?

1
- S |
2(47T)2F0

M2 M2
K+ 2 K°
/ﬂ +MK0 hl NJ2:|

M? M2
= 4+ 2M2 In —2°
p p

+ MIQ(i ln

2 2

+ 2B (u) + (42)2 [3 In % + H(zﬂg)] } . (5.0)

with zr¢ = mj/M?., where m; denotes now the physical
mass of the charged lepton. The parameter E”(u) denotes
the finite (renormalized) part of the linear combination of
coupling constants

8 8 20 20
FE:=-K —-K —K, —Kg + 4K
3 1+3 2+ 9 5+ 9 6+ 12

4
—g X1~ 4Xp +4X; — X,

The kinematical function H(z) is given by

23 3 2Inz 3lnz
H(z) = — — 11lhhz - — — —
@) =5 - T — gy
4(1
—8ln(1—z)—¥1nzln(l—z)
—z
8(1+2) (177 In(1—1t)
—_— dt————. .
+ 1—=2 /0 t (5:3)

The scale independence of (5.1) can be checked by us-
ing the pertinent 3 function of the coupling (5.2) and the
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(lowest-order) expressions for the pseudoscalar masses
M2, = 2By + 2¢*ZFy?,
M?Z, = 2By,
M3+ = By {(ms +m) — %(ms — m)} + 22 ZFy?,
M?, =B, [(ms +m) + E(mS - ﬁ%)} )
K0 V3

4 m
2 _
M7I = gBO <ms + 2) . (54)
The mixing angle € is given by
3 - U
o V3ma—my (5.5)
4 mg—m

the symbol m stands for the mean value of the light quark
masses,

1

m = i(mu +ma),
and By is the vacuum condensate parameter contained in
X+ Finally, M and Mk in (5.1) denote the isospin limits
(my, = mg, e = 0) of the pion mass and the kaon mass,
respectively:

M? = 2By,

(5.6)

M3 = By(mg + ). (5.7)

Equation (5.1) allows in principle to extract the value
of the pion decay constant F); from the experimental knowl-
edge of the myy() decay rate. In order to obtain an unam-
biguous answer, let us define F; as being given by the
matrix element of the appropriate axial current between
the vacuum and the charged pion state in pure QCD. At
one loop, this gives the following (scale independent) ex-
pression [3]

Fo = Fof U oy (L3002 + 2205 + L5
0
2 2
- % [2M§ 111%;r + M%1In Mﬂ } (5.8)
2(4m)2F, 4 0

Extensive studies of the O(e?) radiative corrections to
me2 decays already exist in the literature [24-26]. Mar-
ciano and Sirlin [26] have summarized the presently known
short- and long-distance radiative corrections to I'(m —
Lvg(7)). Their result, given in (7a) of [26], agrees with
the general structure of (5.1). Note that the kinematical
function F'(z) defined in (7b) of [26] is related to (5.3) by
F(x) = H(2?)/4—1/2, and that the terms associated with
the parameters Cy, C3 of [26] are beyond the scope of our
next-to-leading order analysis. In order to make contact
with [26], we need to specify the physical meaning we as-
cribe to the constant Gg, which so far has mainly served
as a book-keeping device. From the point of view of the
low-energy approach we are following, it seems natural to
identify Gg with the muon decay constant. To lowest or-
der in the weak interactions, the muon decay amplitude
follows from the effective Lagrangian

Loy = f% (1 = 5)v] [y (1 = a)ve]. (5.9)
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When radiative corrections are included, the total muon
decay rate to leading order in G remains finite order by
order in powers of the fine structure constant a [27]. At
order « [28],

GZmS>  [m? a 25
I 1) = [ e 14 — (=2 2 2
(s al) = ST (m) 1+ 2 Z )10,
(5.10)
with f(x) = -8z — 1222 Inx +8z3 — 2* for massless neutri-

nos. The corrections of order o have recently been com-
puted in [29] (see also the discussion in [30]). Up to a
negligible correction factor 1+ 3m?/10My,, Gg can be
identified with the constant G, appearing in (7a) of [26].
If we further identify f,/v/2 occurring in the same ex-
pression with the QCD quantity F, as defined above, we
obtain for the constant C; of [26]

M2
Cy = —4n’E"(M,) — +1nW
Z M? M2
— 2In —=% +1n a1
+7 {3+ 7 + 2 (5.11)
Quite analogously, we find for the Ky, decay:
G2 |Vus |2 Fo®m2 My
P(K = b)) = GVl IOl (g e
8 .
{1+ 2 (L2 + 2003) + L3 03]
0
1 M?
S [ZMﬁi In 2t 4 a2
4(47T)2F0
M2 M2 2
+4M3z 4+ In +2Mpo In —52 4 307 In — 1
1
16\[5 9 9
+ Ex Ly (p)(Mz — M)
M? M}
_ LQ M2In == — M2In—2
2(4m)2F, 2 T2
2 2
2 e Mz

with zx¢ = m?/M3%.. Note that (5.1) as well as (5.12)
contain the same (unknown) electromagnetic low-energy
coupling constant E"(u). Taking the ratio of (5.12) and
(5.1), E" (1) cancels and therefore the electromagnetic cor-
rections to this specific combination of observables are
uniquely determined at the order we consider. In prin-
ciple, this result could be used for an improvement in ex-
tracting the (strong) low-energy coupling Ly from the ex-
perimental data. In practice, however, the uncertainties
due to higher-order strong interaction effects are much
bigger than the electromagnetic corrections. Nevertheless,
this example shows that certain observables allow for un-
ambiguous predictions of the associated electromagnetic
contributions in spite of our (presently) poor knowledge
about the values of the electromagnetic low-energy cou-
plings. The same is, of course, also true for the ratios
D(P = eve(y))I'(P = jw(7)):
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Defining the decay constant of the charged kaon as
described above for the pion! we obtain [3]

Frs = Fo{l + — [Li() (M7 + 2M) + L5 () M|
0
1 M? M2
- [31\47%1112’r + 6M7 In —X
8(4m)2Fo Iz Iz

le _8V3e M2)

2 n

+ 3Mn In 72 3F02 Ls( )(MK

Ve
A(4m)2F2

2 M2
M2 1In %Q—M% —
p K

— ;(ME( — M?) (mﬂg‘ +1>} }

Performing the replacements M,+ — Mg+ and V,q —
Vus in (7a) of [26], we find that in the case of the kaon
decay the constant C'; corresponds to

(5.13)

1 M2
_ 2 r Z
Cl—_47TE (Mp)_i"_lnﬁg
Z ]\42 2

7 B ringg g (5.14)

6 Conclusions

We have developed the appropriate low-energy effective
theory for a complete treatment of isospin-violating effects
in semileptonic weak processes. The electromagnetic inter-
action requires the inclusion of the photon and the light
lepton fields as explicit dynamical degrees of freedom in
the chiral Lagrangian. At next-to-leading order, the list of
local terms given by Gasser and Leutwyler [3] for the QCD
part and by Urech [15] for the electromagnetic interaction
of the pseudoscalars has to be enlarged. This is, of course,
a consequence of the presence of virtual leptons in our ex-
tended theory. Regarding pure lepton or photon bilinears
as “trivial”, five additional “non-trivial” terms of this type
are arising. Two of them will, however, not appear in real-
istic physical processes. One may therefore conclude that
the main bulk of electromagnetic low-energy constants is
already contained in Urech’s Lagrangian and the inclusion
of virtual leptons in chiral perturbation theory does not
substantially aggravate the problem of unknown parame-
ters.

The continuation of the present work will follow two
principal lines. Firstly, we are now in the position to calcu-
late the electromagnetic corrections to semileptonic weak

! In the case of the pion, the distinction between the charged
and the neutral decay constant is a tiny O((md — M) ) ef-
fect, and arises only at higher orders, whereas Fy+/ F( o is

(9((md - mu)).
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decays where all constraints imposed by chiral symmetry
are taken into account. In spite of our large ignorance of
the actual values of the electromagnetic low-energy cou-
plings, it will often be possible to relate the electromag-
netic contributions to different processes in this way. For
specific combinations of observables one might even find
parameter-free predictions. Simple examples of this kind
have been given for the Pjs decays. In some fortunate cases
simple order-of-magnitude estimates for the electromag-
netic couplings based on chiral dimensional analysis may
even be sufficient. (See for instance [16,17].)

The second major task for the near future is, of course,
the determination of the physical values of the coupling
constants K and X] in the standard model. In contrast
to the rather good information on the QCD effective cou-
plings L7,..., L}, that can be obtained in the standard
framework [2,3], only very little is known so far in the
electromagnetic sector. First attempts to estimate some
of the K; can be found in [31-33]. As far as the constants
X, are concerned, the recent analysis [34] of the countert-
erms contributing to the decay processes of light neutral
pseudoscalars into charged lepton pairs leads one to expect
that reliable estimates for these constants can be achieved
within a large-N. approach. Only with a more precise in-
formation about the K] and X will the electromagnetic
part of the chiral effective theory finally exhibit its full
predictive power.
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Appendix
The bosonic covariant derivative occurring in (3.9),
D,=0,+X, (A1)
has the index structure
X, = X;;F _ (Xp)is (Xp)w 7 (A.2)
(Xp)uj (Xp)w
where the matrix elements are given by
1
(Xp)ij = _§<Fp[>\i7)‘j]>’
eFO em em
(Xp)iv = T5pV<(QR = QrMN),
(Xp)w _(Xp)jw
(X)) =0. (A.3)

The bosonic field Y = Y7 has the same index structure
as (A.2) with

2FO

Yig = sij — — (Ml(QR" — Q")) M),

Aj(QR" —
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Vi = = SOV Q" — QF) +ifm, QR + QEI),
Y= Ym
Vi = s 0 - 0. (A4)
The covariant derivative acting on the fermions,
D,=0,+if, (A.5)
is determined by
e n]  we
with
(fo)ab = —eApdap,
(Foben = 28 0, OF b,
(oo = 220,070,
(fo)mn =0 (A7)

The fermion mass matrix m shares the index structure
with (A.6). The matrix elements read

Mab = ma(saba Man = Mmb = Mmn = 0. (AS)

The fields o, @,, 3, 8 are fermionic quantities. «, is given

by
o [ e
with
(ap)as =~ {lps Qv
(ap)ar = — 6502 S QL QR — Q™) var — edpula
(@p)ms = =5 s QLA ot
(@p)os =~ 25, (QIT (O = s (A10)
&, takes the form
o= one]
with
(@) = 5 [, QNI
(@p)in = — [y, QN
(@) = ~288,,(Q3 (R — Q) 7ir — e
(@ =~ P05, @ (@ — 0Tz (A12)



M. Knecht et al.: Chiral perturbation theory with virtual photons and leptons

478
Finally,
W
ﬂaj = *7<QL)\j>VaL5
FO W
ﬁmj = _?<QLT)\j>£mL7
6(11/ = ﬂmu = 07 (A13)
and
_ F w -
B = *%(QLTM)%L,
_ F .
Bin = _70<Q‘])_,V)\i>€nL7
Bub = Bun = 0. (A.14)
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